A model approach for the Mueller matrix (MM) of the twisted nematic liquid crystal spatial light modulator (TNLC-SLM) was proposed. In the first part of the study, the MM of the TNLC cell in the absence of applied voltage was investigated both theoretically and experimentally. In the second part, the model approach was improved by considering the reorientation of both tilt and azimuth angles of the liquid crystal (LC) molecules in the presence of applied voltage.
Introduction
Twisted nematic liquid crystal (TNLC) cells are devices that are widely used in technology as the backbone of several electro-optic (EO) devices. TNLC-based light modulators designed to modulate both the amplitude and the phase of the light are called spatial light modulators (SLM) [1] [2] [3] . If an SLM acts as a phase modulator, it modulates only the phase of the light, and the intensity of the light remains unchanged. However, if it acts as an amplitude modulator, it modulates only the amplitude of the light, and the phase of the light remains unchanged. Liquid crystal displays (LCD) are amplitude modulators mostly used as displays in laptops, TVs, cellphones, and tablets for years [4] [5] [6] [7] . The other kind of modulators, phase modulators, have applications such as electrically controlled lenses [8] [9] [10] , optical tweezers [11, 12] , laser beam shaping [13, 14] , 3D holographic displays [15] , and laser wavelength control [16, 17] .
A TNLC cell consists of liquid crystal (LC) molecules sandwiched between the reference glass surfaces. In the cell, the LC molecules twist from one glass surface to the other. That twist structure causes the modulation in the polarization state of the light travelling in the cell. When the light with an arbitrary polarization state enters the cell, it changes its polarization to another state after it exits the cell depending on the parameters such as optical anisotropy of the LC molecules, wavelength of the input light twisting angle of the molecules, and the thickness of the cell. For example, if the LC cell has a 90
• twist from one glass surface to the other, linearly horizontally polarized input light changes its polarization state to vertical. Besides, an external electric field can also be applied to the cell to change the polarization state of the light to any desired state. In the case of the applied filed, because the dielectric torque created by the electric field overcomes the elastic torque between the LC molecules, the twist structure of the molecules are deformed and all LC molecules tend to align in the direction of the applied field and the long axis of the LC molecules becomes perpendicular to the glass surfaces in the cell (homeotropic state). Tuning the voltage applied between the glass surfaces of the LC cell, one can modulate the light travelling through the cell.
Model approaches presented in recent studies [1, 6, 18] showed that in TNLC-based EO devices, the retardance of the LC cell is inversely proportional to the tilt angles of the molecules. Under the influence of the increasing voltage applied to the cell, depending on the tilt angle reorientation, retardance of the molecules decreases and finally reaches zero while the LC cell changes its state from twisted to homeotropic. Theoretical results obtained from these model approaches were in accordance with the experimental measurements in which linearly polarized light could be controlled changing from the horizontally to the vertically (and vice versa) polarized after it exits the cell. However, for a complete analysis of the light travelling through the untwisting LC cell having any state of polarization (especially elliptically and circularly polarized), not only the reorientation of the tilt angle but also the azimuth angle of the molecules should be taken into account.
In a recent study about the polarization modulation of the twisted nematic spatial light modulator (TNSLM), Kapil et al. measured experimentally that the azimuth angle of the LC director close to the glass surface of the TNSLM changed smoothly from 37
• to 71
• before it abruptly changed to −45
• at a critical grayscale value addressed on it [19] . In another research, Lin et al. presented the distributions of the twist angle and the tilt angle of the LC director across the width of the TNLC cell as function of applied voltage [20] .
As the voltage increased, the azimuth angle of the director shifted to higher angles. Similar results were also reported in [21] .
This result reveals that more investigations should be made on the tilt as well as the azimuth angles of the LC molecules of TNSLMs and on how the reorientation of the molecules affects the polarization properties of the travelling light before they undergo state change.
For this purpose, polarization properties of the travelling light in TNLC-based devices depending on the reorientation of the molecules were investigated by means of the Mueller matrix (MM) formalism. In the first part of the study, the MMs of TNLC were modelled in the absence of voltage applied to the LC cell. The validity of the model was checked comparing the results with the theoretical light transmission data from a recent study and the data of the MM elements of LCD from the experiment were performed in our lab. In the second part, a model approach was developed to explore the behavior of the MM elements under the influence of the applied voltage. Three different scenarios were proposed for the reorientation of the azimuth angle of the molecules. Comparison of our theoretical results with the experimental ones from the literature showed that, in some critical voltage range, before the LC molecules are completely untwisted, the behavior of the azimuth angle of the LC molecules is more significant than that of the tilt angle and could explain the polarization properties of the elliptically and circularly polarized light travelling in the cell.
General aspects of the MM formalism
Polarized light travelling through the TNLC cell can be expressed mathematically by means of the Mueller formalism [22] [23] [24] . In this formalism, the MM of the TNLC is represented by a 4 × 4 matrix having sixteen elements, which defines the response of the optical media to all the possible polarization states of the input light. LC molecules, which are aligned in an LC cell, act like linear optical retarders [25] and are mathematically represented by an MM. MM elements of the LC can be extracted by using some experimental techniques. As indicated in [26, 27] , experimentally, sixteen elements of the MM representing the LC can be extracted by using linear and circular polarizers and/or analyzers at different configurations.
In Mueller formalism, the polarization state of the light is represented by a 4 × 1 matrix called the Stokes vector, with four components called I, Q, U, and V, where I is the total intensity and Q, U, and V are the differences between the intensity of horizontal and vertical, +45
• and −45
• , right-handed and left-handed polarized light respectively. Eq. (1) explains the overall mathematical interpretation of the MM showing the relation between the input and output polarization states after the interaction of the light within the medium: 
where 4 × 4 matrix is an MM of the optical media and m ij is the individual matrix elements; I, Q, U, V and I', Q', U', V' are the Stokes vector components of the incoming and the outgoing light, respectively
Model approach for the MM of TNLC in the absence of applied voltage
We consider the MM of a planar cell (LC molecules align parallel to the cell walls) that can be given as a linear optical retarder as follows [25, 28, 29] :
where θ is the azimuth angle of the LC molecules in the plane parallel to cell walls and δ is the phase retardation experienced by the light travelling through the cell. Because LC molecules change their orientation twisting from one layer to another in the cell, it is convenient to model LC cells as stacks of many planar LC layers having optical axis oriented at a specific azimuth angle, θ . Then, the MM of the twisted cell is:
where N is the number of LC layers.
The validity of the model can be checked using the theoretical results given in the reference study [30] in which transmission curves of the light passing through the TNLC cell placed between the polarizers were calculated using the Jones Matrix (JM) model. In our approach, the LC cell was considered to have 180 layers (N = 180) and the azimuth angle of the LC molecules changes from one layer to another between 0 • and 90
• in the TNLC. Then, the transmission data were calculated using the following equation:
where S in and S out are the Stokes vectors of the input and output lights, respectively. In Figures 1a and 1b , the transmission data from the reference study are shown in comparison with the data from the MM model. The curves obtained from the MM model agree with those of the JM model and indicate that the model can be used for the MM studies of the TNLCs. • from 3 rad to 6 rad, respectively.
Comparison of the model with experimental results
In addition to the validation of the model as mentioned above, we also checked our model fitting the experimental curves of the MM elements obtained from the experiments. The MM elements of the TNLC cell were measured as a function of the wavelength of the input light by means of the experimental setup shown in Figure 2 . In the LC cell, the alignment of the molecules twists from +45
• to −45
• with respect to x-axis. Light emerging from the broadband source passes through the polarizer, TNLC, and the analyzer and is detected by the optical spectrum analyzer. From the data of the light intensity, the MM elements of the TNLC were calculated using the technique explained in [26] . In Figure 3 Another case is the output state of the 45
• polarized input light that can also be checked comparing the first and the third column elements (m 13 , m 23 , m 33 , and m 43 ). The value of the m 33 indicates that at this wavelength (650 nm) the input light changes its polarization state to the elliptically polarized and its 45
• polarized component becomes negative.
Model approach in the presence of applied voltage
As we mentioned above, the model approach of the MM of TNLC is successful in the absence of applied voltage. Making some modifications in the current model, a model for the MM of TNSLM can be proposed. In this section, we presented these modifications that are made in the model approach to explain the twist angle deformation of the LC molecules as well as the change in the polarization properties of the light travelling in the cell in the presence of applied voltage.
In our approach, TNSLM consists of 256 pixels and each pixel is subjected to different voltages. One of these pixels is illustrated in Figure 4 . White pixel means that no voltage is applied to it and the LC molecules twist through the cell. In this case, light can pass without being blocked by the polarizers (crossed with respect to each other) mounted on both glass surfaces. Black pixel means that the voltage applied to the pixel is maximum and the LC molecules have already changed their state from twist to homeotropic. So, after passing through the polarizer-TNLC cell system, the light will be blocked when it reaches the second polarizer. In the range between the white and black pixels, different tones of gray are addressed because the light exits the second polarizer partially. For a complete analysis of the optical properties of the LC molecules, we defined two different angles as seen in Figure 4 . The first one is the tilt angle ( φ) that LC molecules make with respect to y axis in the yz plane. In the cell, when φ increases as a function of the applied voltage, because of being inversely proportional to the tilt angle, the retardance of the cell decreases according to the following equation:
where ξ , γ , and η are the parameters that change depending on the LC molecules' structural properties. p shows the gray scale of the pixel mentioned above and it can take the values between 0 and 256 depending on the applied voltage. p = 0 and p = 256 correspond to black and white pixels, respectively.
The second one, azimuth angle ( θ) , defined as the angle of the LC molecules with respect to y axis in the xy plane. As θ changes from one molecule to another in the twisted LC cell, reorientation of θ of the i th molecule in the cell was defined as a function of θ 0 , which is the azimuth angle of the molecules close to the glass surfaces of the cell:
where N is the number of LC layers taken in the model. In our approach, three different scenarios for the reorientation of the θ 0 were proposed. Behavior of θ 0 with respect to the grayscale mode is given in Figure   5 . In the first scenario, regardless of the applied voltage, θ 0 remains constant ( π /4) and the LC cell keeps its twisted structure. In the second one, the LC cell starts to untwist at the grayscale mode p = 256 and turns completely into the homeotropic state at p = 0. In this scenario, θ 0 changes exponentially according to the following equation:
Finally in the third scenario, considering the experimental observations of the Kapil et al. [19] mentioned above in the introduction, θ 0 was assumed to change exponentially from 45
• up to 70
• , instead it decays:
Using Eqs. (5), (7), and (8) and taking the appropriate values of the constants γ = 3, ξ = 3, η = 0.023, and δ 0 = 6, the azimuth angle and the retardance of the LC molecules versus grayscale are plotted in Figure 6 .
Then, choosing N = 900 and substituting the Eqs. (6), (7), and (8) into Eq. (3), a set of MM elements proposed for each scenario were calculated. The obtained results given in Figure 6 were compared with the experimental data of TNSLM (illuminated with 532 nm laser light ) presented in [31] . As seen in Figure 6 , m 22 takes values between +1 to −1 as the grayscale changes from 0 to 256. This shows that the horizontally/vertically polarized input light changes its polarization state to vertical/horizontal. Another point is that the behavior of m 22 curves change regardless of the reorientation of the azimuth angle in each scenario. From this, it can be noticed that the tilt angle reorientation of the molecules, which causes the change in the retardance, plays an important role in defining the characteristic of m 22 as well as the optical properties of the horizontally/vertically linearly polarized input light. It is also shown that m 22 does not give any information about how the azimuth angles of the molecules change and how the molecules untwist.
A similar analysis can be done for m 33 by which ±45
• linearly polarized input and output lights can be investigated. As seen in plots of m 33 , like m 22 , no significant change in the behavior of the curves was observed.
Only the curve obtained from the third scenario shifts slightly from the others in the region between p = 100 and p = 150. With this analysis, it is pointed out that if the input and output lights are horizontally/vertically or ±45
• polarized, the azimuth angle reorientation, as well as the deformation of the twist structure, does not matter for the light travelling in the cell. Only the reorientation of the tilt angle is important and can affect the state of polarization.
Contrary to m 22 and m 33 , the behavior of another diagonal element, m 44 , gives the significant results about how the azimuth angle is reoriented inside the cell. m 44 curves can be analyzed dividing the graphs into three regions. In the first region (between p = 150 and p = 256), it is inferred from the curves' characteristics that because of the weakness of the applied voltage to the cell no significant change in the tilt as well as the azimuth angles of the molecules occurs. In this region, theoretical curves obtained from each scenario are in agreement with the experimental ones given in [31] . In the second region (between p = 100 and p = 150), the MM curves obtained from the third scenario, in which θ 0 changes between 45
• and 70
• , deviate from the curves obtained from the other two scenarios. According to the third scenario, as the voltage is increased, instead of starting to untwist, the LC molecules rotate in the xy plane. This rotation causes m 44 not to change significantly and to take values close to 1 indicating that the circularly polarized input light somehow becomes elliptical.
However, according to other scenarios, m 44 decreases more in that critical region indicating that the circularly polarized input light is expected to be more elliptical. This unexpected behavior of the LC molecules suggested in the third scenario shows a good agreement with the experimental curves. These results reveal an important character of the LC-based devices: the azimuth angle reorientation plays a more important role than that of the tilt angle on the optical properties of the light transmitted through the cell.
Finally, in the third region (between p = 100 and p = 0), it is clearly seen that the curves of all the plotted elements have the same behavior regardless of how the azimuth angles of the molecules change according to each scenario. At p = 0, as the LC molecules are completely untwisted and in homeotropic state, the diagonal MM elements have the value "1" while the nondiagonals have "0". The same behavior can be seen in the experimental MM curves. In that region, azimuth angle reorientation of the molecules does not play an important role in the behavior of the MM curves. It means that the torque created by the applied voltage overcomes the elastic torque which keeps the LC molecules in twist structure and causes LC molecules to untwist. As the retardance changes depending on the tilt angle of the molecules and takes the values close to zero, contrary to the second region, the tilt angle reorientation is more effective.
Our interpretation of the reorientation of the molecules from the behavior of m 44 is also supported by other three nondiagonal elements (m 23 , m 34 , and m 24 ) demonstrated in Figure 6 . In the same critical grayscale range, only the curves from the third scenario were found in agreement with the experimental curves. In the other voltage ranges, all the MM elements behave regardless of how the azimuth angles of the molecules change in each scenario.
In summary, from all of the comparisons discussed above we can infer that the model approach suggested for the TNLSM in which azimuth angles of the molecules decay exponentially is successful for the cases that the input and output lights are horizontally/vertically or ±45
• linearly polarized. However, new scenarios are essential to explain the other forms, from linearly polarized to 45
• polarized, linearly polarized to circularly polarized, 45
• polarized to circularly polarized and vice versa.
Conclusion
A model approach was proposed for the MM of the TNLC to explain the behavior of the MM curves depending on the applied voltage that plays an important role in the polarization properties of the light transmitting through the TNLC and the performance of the EO device. The scenario proposed in the model approach for the azimuth angle reorientation of the LC molecules could explain the experimental MM curves of TNSLM presented in the literature. As the goal of the study, it was found out that, in addition to the current approaches in the literature about the modeling of the tilt angle reorientation, the proposed novel approach including the azimuthal angle reorientation that could explain the optical behavior of the circularly and elliptically polarized light is essential. Further study on new theoretical simulations and modelling should be conducted to find out which physical parameters of the LC molecules have a significant role in the molecules and how to control the rotation of the molecules just before they enter the untwisted state.
